It has been conjectured by C. van Nuffelen that the chromatic number of any graph with at least one edge does not exceed the rank of its adjacency matrix. We give a counterexample, with chromatic number 32 and with an adjacency matrix of rank 29.
All graphs in this note are finite and without loops or multiple edges. Let G = (V,E) be a graph. A subset X C V is stable if no edge of G has both ends in X. The chromatic number x(G) of G is the minimum k 2 0 such that V may be partitioned into k stable sets. The adjacency matrix of G is the matrix M ( G ) = (muu)u,uEV defined by muu = I if u # u and u , u are adjacent, and mu" = 0 otherwise. Let rk(M(G)) denote the rank of M(G) over the real field.
It (2))'"'"'' with respect to the set K , described here in detail for completeness. For two vectors u , u E W , let u . u E GF(2) denote their scalar product (over GF(2)).
Claim 1.
numbers C,,, (-l)k.w (w E W ) .
The eigenvalues of M ( G ( H ) ) (with correct multiplicities) are the
Proof. This is a special case of a standard result about the eigenvalues of Cayley graphs of Abelian groups (see, for example, [ 2 ] ) but we give a proof for the reader's convenience. For each w E W. let [3] . Although one can easily produce from our example (by taking i disjoint copies of it and joining every vertex of each copy to every vertex of every other copy) a family of graphs {G,},,, with x(G,) = 32i and rk(M(G,)) = 29i, we cannot even show that x ( G ) is not bounded by a linear function of rk(M(G)).
